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Abstract 

Let K denote a field and let V denote a vector space over K with finite positive 
dimension. Let End(T^) denote the K-algebra consisting of all K-linear transformations 
from V to V. We consider a pair A, A* <E End(y) that satisfy (i)-(iv) below: 

(i) Each of A, A* is diagonalizable. 

(ii) There exists an ordering {Vi}f^Q of the eigenspaces of A such that A*Vi C Vi^i + 
Vi + Vi+i for < i < d, where V_i = and Vd+i = 0. 

(iii) There exists an ordering {V*Yi=Q of the eigenspaces of A* such that AV* C 
Vi-i + V* + y*+i for < i < (5, where Vl^ = and V^+i = 0. 

(iv) There is no subspace W oiV such that AW (^W , A*W QW , W ^ 0, W V . 

We call such a pair a tridiagonal pair on V . Let denote the element of End(y) 
such that {El - I)V^ = and E^V* = for 1 < i < d. Let I? (resp. V*) denote the 
K-subalgebra of End(y) generated by A (resp. A*). In this paper we prove that the 
span of ElVV*VEl equals the span of E^VE^VEl, and that the elements of E^VE^ 
mutually commute. We relate these results to some conjectures of Tatsuro Ito and the 
second author that are expected to play a role in the classification of tridiagonal pairs. 

1 Tridiagonal pairs 

Throughout the paper IC denotes a field and V denotes a vector space over K with finite 
positive dimension. 

We begin by recalling the notion of a tridiagonal pair. We will use the following terms. 
Let End(y) denote the IK-algebra consisting of all K-linear transformations from V to V. 
For A G End(y) and for a subspace W '^V, we call W an eigenspace of A whenever W ^ 
and there exists E K such that = {v € ^ | Av = 9v}; in this case 9 is the eigenvalue of 
A associated with W. We say A is diagonalizable whenever V is spanned by the eigenspaces 
of A. 
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Definition 1.1 [19] By a tridiagonal pair on V we mean an ordered pair A, A* G End(y) 
that satisfy (i)-(iv) below: 

(i) Each of A, A* is diagonalizable. 

(ii) There exists an ordering {Vi}f^Q of the eigenspaces of A such that 

A*Vi. C Vi-i + V, + V,+i {0<i< d), (1) 

where V-i = and Vd+i = 0. 

(iii) There exists an ordering {V*}f^Q of the eigenspaces of A* such that 

Av* c v*_, + V* + io<i<6), (2) 

where V*^ = and V^_^_^ = 0. 

(iv) There is no subspace W of V such that AW C W, A*W CW,W^O,W^V. 

Note 1.2 It is a common notational convention to use A* to represent the conjugate- 
transpose of A. We are not using this convention. In a tridiagonal pair A, A* the linear 
transformations A and A* are arbitrary subject to (i)"(iv) above. 

Let A, A* denote a tridiagonal pair on V, as in Definition ll.il By [19, Lemma 4.5] the 
integers d and 6 from (ii), (iii) are equal; we call this common value the diameter of the 
pair. 

We refer the reader to [1-3,5,19-21,27,35-37,45,47,67] for background on tridiagonal 
pairs. See [4, 6-11, 14, 15, 17, 18, 22-26, 29-33, 48-50, 52-54, 56, 65, 70] for related topics. 
The following special case has received a lot of attention. A tridiagonal pair A, A* is 
called a Leonard pair whenever the eigenspaces for A (resp. A*) all have dimension 1. 
See [12,13,16,34,38-44,46,55,57-64,66,68,69] for information about Leonard pairs. 



2 Tridiagonal systems 

When working with a tridiagonal pair, it is often convenient to consider a closely related 
object called a tridiagonal system. To define a tridiagonal system, we recall a few concepts 
from linear algebra. Let A denote a diagonalizable element of End(y). Let {T^}^^q denote 
an ordering of the eigenspaces of A and let {9i}f^Q denote the corresponding ordering of 
the eigenvalues of A. For < i < d let Ei : V ^ V denote the linear transformation such 
that {Ei — I)Vi = and EiVj = for j ^ i {0 < j < d). Here / denotes the identity of 
End(y). We call Ei the primitive idempotent of A corresponding to Vi (or 9i). Observe 
that (i) Eto^i = (ii) EiEj = 6ijEi (0 < i,j < d); (iii) Vi = EiV {0 < i < d); (iv) 
A = Yli=o ^i^i- Moreover 

0<j<d 

We note that each of {Ei}f^Q, {A^}f^Q is a basis for the K-subalgebra of End(y) generated 
by A 
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Now let A, A* denote a tridiagonal pair on V. An ordering of the eigenspaces of A 
(resp. A*) is said to be standard whenever it satisfies ([T]) (resp. ([2])). We comment 
on the uniqueness of the standard ordering. Let {Vi}f^Q denote a standard ordering of 
the eigenspaces of A. Then the ordering {Vd^i}f^Q is standard and no other ordering is 
standard. A similar result holds for the eigenspaces of A*. An ordering of the primitive 
idempotents of A (resp. A*) is said to be standard whenever the corresponding ordering of 
the eigenspaces of A (resp. A*) is standard. 

Definition 2.1 By a tridiagonal system on V we mean a sequence 

<^ = {A;{E,}t,;A*;{E:}to) 

that satisfies (i)-(iii) below. 

(i) A, A* is a tridiagonal pair on V. 

(ii) {Ei}f^Q is a standard ordering of the primitive idempotents of A. 

(iii) {E*}f^Q is a standard ordering of the primitive idempotents of A*. 

We will use the following notation. 

Notation 2.2 let <I> = {A;{Ei}f^Q;A*;{E*}f^Q) denote a tridiagonal system on V. We 
denote by T> (resp. V*) the IK-subalgebra of End(F) generated by A (resp. A*). For 
< i < d let 6'j (resp. 9*) denote the eigenvalue of A (resp. A*) associated with the 
eigenspace EiV (resp. E*V). We observe {9i}f^o (resp. {9*}f^Q) are mutually distinct and 
contained in K. 

Referring to Notation 12.21 it has been conjectured that EqV has dimension 1, provided 
that K is algebraically closed [20]. A more recent and stronger conjecture is that EqTEq is 
commutative, where T is the K-subalgebra of End(y) generated by P and V* [47]. There 
is more detailed version of this conjecture which reads as follows: 

Conjecture 2.3 [47, Conjecture 12.2] With reference to Notation 12.21 the following (i), 
(ii) hold. 

(i) E^TEl is generated by E^VE^. 

(ii) The elements of EqVEq mutually commute. 

The following special case of Conjecture 12.31 has been proven. Referring to Notation 
12.21 there is a well known parameter q associated with A, A* that is used to describe the 
eigenvalues [19,56]. In [28], Conjecture 12.31 is proven assuming q is not a root of unity and 
K is algebraically closed. In this paper we use a different approach to prove part (ii) of 
Conjecture 12.31 without any extra assumptions. We also obtain a result which sheds some 
light on why part (i) of the conjecture should be true without any extra assumptions. We 
now state our main theorem. 
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Theorem 2.4 With reference to Notation \2.2\ the following (i), (ii) hold. 

(i) The span of Eq'DT)*T)Eq is equal to the span of EqDEqVEq. 

(ii) The elements of EqT>Eq mutually commute. 

Our proof of Theorem 12.41 appears in Section 11. In Sections 3-10 we obtain some 
results that will be used in the proof. Our point of departure is the following observation. 

Lemma 2.5 With reference to Notation \2.2\ the following (i), (ii) hold for < i,j,k < d. 

(i) E*A^E* = Qifk<\i-j\. 

(ii) E,A*''Ej = Oifk<\i-j\. 

Proof. Routinely obtained using lines ([T]), ([2]) and Definition 12. 1[ □ 

3 The D4 action 

Let ^ = {A; {Eijf^Q, A*; {E*}^^^) denote a tridigonal system on V. Then each of the 
following is a tridiagonal system on V: 

<^>* :={A*;{Enf=o;A;{E,}U), 

:={A;{E,}t,;A*;{EU}f=o), 
^'^:={A;{E,_,}t,;A*;{E:}t,). 

Viewing *, J,, JJ- as permutations on the set of all tridiagonal systems, 

= i' = = 1, (4) 

^* = *i, i* = *^, i^ = ^i. (5) 

The group generated by symbols *, j, |l subject to the relations ([1]), ([5]) is the dihedral 
group D4,. We recall that D4 is the group of symmetries of a square, and has 8 elements. 
Apparently *, J,, JJ- induce an action of D4 on the set of all tridiagonal systems. Two 
tridiagonal systems will be called relatives whenever they are in the same orbit of this D4 
action. The relatives of ^ are as follows: 



name 


relative 


$ 


iA;{E,}t,;A*;{E*}t,) 




{A;{E,}t,;A*;{EU}f=o) 




iA;{E,.i}t,-A*;{Ento) 




{A;{E,_,}t,;A*;{E*_,}t,) 




{A*;{E:}t,-A-{E,}t,) 




{A^;{E*_,}to;A;{E,}t,) 




{A*;{E*}to-^A;{E,_,}t,) 




{A*;{E2_,}to-,A;{E,^,}t,) 
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4 Some polynomials 

Let A denote an indeterminate and let IK [A] denote the K-algebra consisting of all 
polynomials in A that have coefficients in K. 

Definition 4.1 With reference to Notation 12.2^ for < i < d we define the following 
polynomials in ]K[A]: 







(6) 


m = {x-9d){x-ed^i) 


•••(A-0d„i+i), 


(7) 


r* = {X-9*,){X-9l)-- 


•(A-d), 


(8) 


r^* = {x-ei){x-eu) 


• • • (A - 


(9) 



Note that each of Tj, ?7j, t*, r/* is monic with degree i. 

The following lemmas show the significance of these polynomials. We will focus on 
r, , r/j ; of course similar results hold for r* , r/* . 

Lemma 4.2 With reference to Notation \2.2\ each o/ {rj(^)}^^Q, {??j(^)}f=o fo'rm a basis 
for v. 

Proof. The sequence {A^}f^Q is a basis for V and each of Tj, r]i has degree i for < i < d. 
□ 

Lemma 4.3 With reference to Notation \2.2\ for < i < d we have 
Proof. To get the equation on the left in ([TO]) , observe that 

d d 

n{A) = Y,r^{A)E,=Y,r^{e,)E, 

and Ti{6j) = for < j < i — 1. Concerning the equation on the right in pU|) . first observe 
by © that 

_ Ti{A)rid-i{A) 

By [41, Lemma 5.4] or a routine induction on d we find 

d 

j=i 
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Therefore 

d 

TiVd-i = '^'nd-j{Oi)Tj. (13) 

j=i 

Evaluating the right-hand side of (jl2p using (jl3p we obtain the equation on the right in 
(fTnll . We have now obtained ([TO]). Applying ([TO]) to we obtain ([H]). □ 

Lemma 4.4 M^ii/i reference to Notation \2.2\ the following (i)-(iii) hold for < i < d. 

(i) Span{yl'' \0<h<i} = Span{r;,(A) \0<h<i}. 

(ii) Span{Eh \ i < h < d} = Span{Th{A) \ i < h < d}. 

(iii) Ti{A) is a basis for Spanj^'' \ < h < i} H Span{Efi \ i < h < d}. 

Proof, (i): Recall that Th has degree h for < h < d. 

(ii) : Follows from Lemma l4.3i 

(iii) : Immediate from (i), (ii) above. □ 
Applying Lemma 14.41 to <I>^ we obtain the following result. 

Lemma 4.5 With reference to Notation \2.2\ the following (i)-(iii) hold for < i < d. 

(i) Span{A'' \0<h<i} = Span{r]h{A) \0<h<i}. 

(ii) Span{£'/i \ 0<h<d — i} = Span{r]h{A) \ i < h < d}. 

(iii) r]i{A) is a basis for Span{j4'^ \ < h < i} (1 Span{£'/i \ 0<h<d — i}. 

5 Some bases for V and V* 

In this section we give some bases for D and V* that will be useful later in the paper. 
We will state our results for V; of course similar results hold for D*. 

Lemma 5.1 With reference to Notation \2.2\ consider the following basis for T>: 

Eo,Ei,...,Ea. (14) 

For < n < d, if we replace any (n + 1) -subset of (|14|) by I , A, , . . . , A^ then the result 
is still a basis for V. 

Proof. Let A denote a (n + l)-subset of {0,1, ... ,d} and let A denote the complement 
of A in {0,1,..., d}. We show 

K}toU{i?.},,5 (15) 

is a basis for V. The number of elements in (jlSp is d + 1 and this equals the dimension of 
v. Therefore it suffices to show the elements ([TO]) span V. Let S denote the subspace of 
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T> spanned by (jlSp . To show V = S we show Ei £ S for i € A. For < j < n we have 
= J2i=o^i^i- III these equations we rearrange the terms to find 

J20iEi€S (0<i<n). (16) 

In the Unear system ()16p the coefficient matrix is Vandermonde and hence nonsingular. 
Therefore Ej G S for i E A. Now 8 = 1) and the result fohows. □ 



6 The space R 

Definition 6.1 With reference to Notation 12.21 we consider the tensor product T)®T)* 
where ® = We define a K-hnear transformation 

V(S)V* (g)V End{V) 
^ ■ X(^Y(g)Z ^ E^XYZE^ 

We note that the image of vr is the span of EqT>'D*T>Eq. 

Definition 6.2 With reference to Notation 12.21 let R denote the sum of the following three 
subspaces oi V(g) V* V: 

Span{yl* (S)E*\0<i<j <d}(g)V, (17) 

V (g) Span{^* (S)A'\0<i<j<d}, (18) 
Span{^j (g) A** (^Ej\0< i,j,t < d, t < \i - (19) 

Lemma 6.3 With reference to Definitions 16.11 and 16.21 the space R is contained in the 
kernel of vr. 

Proof. Routinely obtained using Lemma l2. 51 □ 

With reference to Notation 12.21 and Lemma 16.31 we desire to understand the kernel of 
vr. To gain this understanding we systematically investigate R. We proceed as follows. 



Lemma 6.4 With reference to Notation \2.2\ 

d 



V(^V* ®V = ^V(^Tt{A*)®V (direct sum). 



t=o 



Proof. Applying Lemma lL2lf i) to ^* we find that {T^{A*)}f^Q is a basis for V* . The 
result follows. □ 
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Definition 6.5 With reference to Notation 12.21 and Definition 16.21 for < t < d let Rt 
denote tlie intersection of R with V (g) t^{A*) (g) T>. 

With reference to Notation 1 2 . 2 1 and Definition l6.2l our next goal is to show R = Ylt=o 
(direct sum). The following lemma will be useful. 

Lemma 6.6 With reference to Notation \2.2\ the following (i)-(iii) hold. 

(i) The space (I17p is the direct sum over t = 0,l,...,(i of the following subspaces: 

Span{A'\0 <i <t}^T;{A*)®V. (20) 

(ii) The space (llSp is the direct sum over t = 0,1, . . . ,d of the following subspaces: 

V(^Tl{A*)(E)Span{A'\0 <i <t}. (21) 

(iii) The space (jl9p is the direct sum over t = 0,1, . . . ,d of the following subspaces: 

SpanfEj (g) Tt{A*) (g)Ej\0<i,j <d,t<\i- (22) 

Proof, (i): Applying Lemma l4.4l fii) to we obtain 
Span{^* (gE;^\0<i<t<d} 



^A'^ Span{E; \i<t<d} 

d 

Span{r;(A*) \i<t<d} 



i=0 
d 

= Span{A' \0<i<t}^ r;{A*). 
t=o 

In the above lines we tensor each term on the right by P to find that the space (|17|) is the 
sum over t = 0,1, d of the spaces (pO|) . The sum is direct by Lemma [67 

(ii) : Similar to the proof of (i) above. 

(iii) : Applying Lemma l4.4l fi) to we obtain 
1 *t 

d d 

Y^Ei® Span{^** \ <t <\i- j\}®Ej 



Span{£;i(g)yl** (g Ej\0 < i, i,t < d, t < \i - j\} 



i=Q j=0 

d d 

^ ^ (g) Span{r;(A*) \0 < t < \i - j\} (g) Ej 
d 

^ Span{£^j (g) T*{A*) (g Ej \0 < i, j < d, t < \i - 
t=o 



In other words the space (|T9|) is the sum over t = 0, 1, . . . , d of the spaces (|22|) . This sum 
is direct by Lemma 16.41 □ 
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Theorem 6.7 With reference to Notation \2.2\ and Definition \6.5\ the following (i), (ii) hold. 

(i) For < t < d the subspace Rt is the sum of the spaces (|20p - (|22p . 

(ii) R = Ylt=o^t (direct sum). 

Proof. For < t < d let R't denote the sum of the spaces ([20]), dHJ, ([22|). Note that R[ 
is contained in'D'S) t*{A*) (S) T>, and that R = X^iLo ^'t W Lemma [6.61 By these comments 
and Lemma 16.41 we find R[ = Rt for < t < d. The resuh follows. □ 



7 A basis for Rt and V ® t^{A*) V 

With reference to Notation 12.21 and Definition 16. 5[ for < t < d we display a basis for 
Rt and extend this to a basis for V (g) Tt{A*) (g) V. 

Theorem 7.1 With reference to Notation \2.2\ and Definition \6.5l for < t < d the follow- 
ing sets of vectors together form a basis for D Tt{A*) (g) D: 

{A' g) tI{A*) (g)A^\0<i<d,0<j<t}, (23) 

{A^ tI{A*) (^A^\0<i<t,t<j<d}, (24) 

{Ei (g) t;{A*) (S)Ej\0<i,j <d,t<\i- j\}, (25) 

{Ei(^Tl{A*)(S)Ei\0<i<d-t}. (26) 

Moreover the sets (|23p - (|25p together form a basis for Rt . 



Proof. The span of (I23p - (125[) equals the span of (I20p - (|22p and this equals Rt by Theorem 
lOfi). The dimension of P (g) t^{A*) (g) D is (d + 1)^. The cardinality of the sets (f23]) - (p6]) 
is t{d + 1), t{d — t + 1), {d — t){d — t + 1), d — t + 1 respectively, and the sum of these 
numbers is (d+ 1)^. Therefore the number of vectors in (I23|) - ()26p is equal to the dimension 
of D (g) T^{A*) (g) v. Consequently to finish the proof it suffices to show that (p3]) - (p6]) 
together span V (g t^{A*) (g V. Let S denote the span of (I23])-(I26]). We first claim that for 
Q<i<d-t, both 

Ei(^T;{A*)®V^S, V®Tt{A*)^EiCS. 

To prove the claim, by induction on i we may assume 

Ej®T;{A*)^VCS, V®Tt{A*)(^Ej<ZS {0<j<i). (27) 

By Lemma lS. li the following vectors together form a basis for V: 

Eo, El, . . . , Ei^i; Ei] I, A, A'^ , . . . , A^'^; Ei^t+i, Ei^t+2, ■ ■ ■ , E^- 

Therefore Ei (g) Tt{A*) (g) D is the sum of the following spaces: 

Ei T^iA*) O Span{^o, ^i, • • • , ^i-i}, (28) 

Si(gr;(^*)0Span{Si}, (29) 

Ei t;{A*) O Span{/, A, A"^ , . . . , A^-^}, (30) 

Ei (g t;{A*) ® Span{Ei+t+i,Ei+t+2, Ed}. (31) 
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The space ([28|) is contained in S by ([271) ! the space ([29]) is contained in S by ([26l) , the space 
(|30l) is contained in 5 by (123]) . and the space (f3T]) is contained in S by (f25]l . Therefore 
Ei (8> rj*(yl*) (8) 2? is contained in S. Similarly one shows that V (8> t^{A*) (8) Ei is contained 
in S" and the claim is proved. Next we claim that Ei (g) t^{A*) V is contained in S for 
d — t < i < d. By Lemma l5. II the following vectors together form a basis for V: 

Eq, El, . . . , Ea-t; I, A, , . . . , ^. 

Therefore Ei (8> Tf{A*) is the sum of the following spaces: 

Ei t;{A*) ® Span{^o, ^i, . . . , ^d-i}, (32) 
Ei tI{A*) O Span{/, A, A^, . . . , A*"^}. (33) 

The space ()32p is contained in S by the first claim, and the space (|33p is contained in S" 
by ()23p . Therefore ii^j t/'(j4*) (8) P is contained in S and the second claim is proved. By 
the two claims and since {Ei}f^Q is a basis for T?, we find P rj*(j4*) (8> I* is contained in 
S. In other words ([23j) ~ (j26]) together span V (g) t^{A*) (^T> as desired. The result follows. 

n 

Corollary 7.2 With reference to Notation 12.21 and Definition 16.51 the following (i)-(iv) 
hold. 

(i) For < t < d the dimension of Rt is d? + d -\- t. 

(ii) For < t < d the codimension of Rt inV ® t^{A*) ®V is d — t + I. 

(iii) The dimension of R is d{d+ l)(2(i + 3)/2. 

(iv) The codimension of R in V ®V* ®V is {d + l){d + 2) /2. 

Proof, (i), (ii): The dimension oiV® r^{A*) ®V is {d + 1)^. By ([26]) the codimension 
oi Rtin'D<^T^{A*)®'D is d-t + l. The result follows. 

(iii) : Sum the dimension in (i) over t = 0, 1, . . . , d. 

(iv) : Sum the codimension in (ii) over t = 0, 1, . . . , d. □ 

8 The map % 

Definition 8.1 With reference to Notation 12.21 we define a K-linear transformation 

^' X®Y®Z ^ Z®Y®X 

We call X the transpose map. We observe that :j: is an involution. 
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Proposition 8.2 With reference to Notation \2.2\ and Definition \8.1\ the following (i)-(iii) 
hold. 

(i) R is invariant under ^. 

(ii) For < t < d the space T> ® t^{A*) 01) is invariant under X- 

(iii) For < t < d the space Rt is invariant under 

Proof, (i): By Definition 16.21 the space R is the sum of (I17p - (ll9p . The map X exchanges 
p!7|) . (fTSj) and leaves ([19]) invariant. The result follows. 

(ii) : Clear. 

(iii) : By Theorem I6.7l fi) the space Rt is the sum of (p0]) - ([22]) . The map :|: exchanges 
(I20p . (I2ip and leaves (j22p invariant. The result follows. □ 

Theorem 8.3 With reference to Notation \2.2\ and De finition \8.1\ the following (i), (ii) hold. 

(i) For < t < d the image ofT>0 t^{A*) ® V under 1 — \ is contained in Rt. 

(ii) The image ofD® T>* D under 1 — X is contained in R. 

Proof, (i): Let C denote the subspace of P (8) Tt{A*) ® T) spanned by the elements (|26p. 
By Theorem 17. 11 the space V (g) t^{A*) (g) P is the direct sum of Rt and C. By Proposition 
I8.2l fiiil the image of Rt under 1 — | is contained in Rt . By (f26|) the image of C under 1 — t 
is zero. The result follows. 

(ii): Combine Lemma l6.4^ Theorem 16. 7( ii). and (i) above. □ 



9 A complement for in P P 

With reference to Notation 12.21 and Definition 16.21 our goal in this section is to show 
that the elements {Ei (8> Tj_^{A*) 0Ej\O<i<j<d} form a basis for a complement of R 
in P (8) "D* ® T). We begin with a slightly technical lemma. 

Lemma 9.1 With reference to Notation \2.2\ and Definition \6. 51 for < t < d and < i < 

j < i + t < d the space 

Rt + Span{Eh T^iA*) ® Eh\0 < h < i} (34) 

contains both 

flj{ei)Ei ® t:{a*) 0Ei + flj{ej)E, t;{a*) ® Ej, (35) 

flj{9i)Ei ® t:{A*) Ei + flj{ej)Ej t;{A*) ® E,, (36) 
where f^j = ]Xi^J,-^i,h^j(^ - ^h)- 

Proof. We fix t and show by induction on i = 0, 1, . . . , d — t that each of (j35p . (|36p is con- 
tained in (f34|l ioi i < j < i + t. Concerning ([35]) . in the equation fij{A) = Yln=o flji^njEn 
we tensor each term on the left by Ei (8) rj* [A* ) to get 

d 

E, r; {A*) ® /4. (A) = ^ 4. {en)E, r; {A*) (0 En. (37) 

n=0 
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We examine the terms in (|37p . The left side of (j37p is in Rt by (j23p and since f-j has 
degree t — 1. For < n < d consider the n-summand on the right in ()37p . First assume 
< n < i — t. Then the n-summand is in Rt by ()25p . Next assume i — t < n < i. By ()36p 
and induction, 

e i?t + Span{Eh (g) S/, I < /i < n}. 

By this and since is nonzero, 

Ei (g) T* [A*) (S)EneRt + Span{Eh O t*{A*) (g) Eh\0 < h < n}. (38) 

Therefore our n-summand is in (j34p . Next assume i + 1 < n < i + t, n t^j. Then the 
n-summand is since /*j(^n) = 0. Next assume i + t < n < d. Then the n-summand is 
in Rt by (I25p . By these comments the expression (I35p is contained in ()34p . By this and 
Theorem I8.3r i) the expression (j36p is contained in (j34p . □ 

Proposition 9.2 H^it/i reference to Notation 12.21 and Definition \6.5[ for < t < d the 

vectors 

{Ei(g)T^{A*)(g)Ei+t\0<i<d-t} (39) 
/orm a basis for a complement of Rt inD r*(A*) (8) I^. 

Proof. Consider the quotient vector space 

Vt = V®T*{A*)g)V/Rt. 

We show the vectors 

Ei(g)T;{A*)0Ei+t + Rt {0<i<d-t) (40) 

form a basis for Vt. By Theorem 17. 1 1 the vectors 

Ei(g)T;{A*)0Ei + Rt {0<i<d-t) (41) 

form a basis for Vt- Write the elements ()40p in terms of the basis ()4ip . By Lemma iQ.ll the 
resulting coefficient matrix is upper triangular with all diagonal entries nonzero. Therefore 
(fiUP is a basis for Vt and the result follows. □ 

Theorem 9.3 With reference to Notation \2.2\ and Definition \6.2\ the vectors 

{Ei(gT*_^{A*)(g)Ej\0<i<j<d} (42) 
form a basis for a complement of R in T> (S) T>* g) D . 

Proof. The set (j42p is the disjoint union over t = 0, 1, . . . , d of the sets (|39p . The result 
follows in view of Lemma [631 Theorem 16. 7( ii). and Proposition 19.21 □ 
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10 The space V®E^®V 

With reference to Notation 12.21 and Definition 16.21 in this section we show that the 
elements {Ei ® Eq ® Ej \ Q < i < j < d} form a basis for a complement ol R'm.T>® T>* T). 
We will use the following lemma. 

Lemma 10.1 With reference to Notation \2.2l for < t < d and < i < d — t the element 

Ei ® t;{a*) Ei+t - {9*0 - oi){ei -e*2)--- {ei - ei)Ei ® ei ® E,+t 

is contained in 

d 

R+ '^^<{A*)®V. (43) 

n=t+l 

Proof. Applying the equation on the right in (jlOp to 

In this equation we tensor each term on the left by Ei and on the right by E'i+t to get 

d 



E.ElE^^t = ^-h^E, r*{A*) ® (44) 

n=0 "^d^^o) 



For < n < d consider the n-summand on the right in (1441) . For < n < t — 1 the 
n-summand is in R by ()25p . For t + 1 < n < d the n-summand is in (|43p by construction. 
The result follows from these comments and since 

v*d{o*o) = {0*0 - oim - ei) .--{ei- e:w,_,{e*,). 

□ 

Theorem 10.2 With reference to Notation \2.2\ and Definition \(5.2\ the vectors 

{Ei(g>E^(g>Ej\0<i<j< d} (45) 
form a basis for a complement of R inT> ® T>* D. 

Proof. The cardinality of the set (gS]) is {d + l){d + 2)/2, and by Corollary [T^l^iv) this is 
the codimension of R in'D^'D* ^ T>. Therefore, it suffices to show that R and the elements 
dH]) together span V ^V* ^T>. Let S denote the subspace oi V V* iSi V spanned by R 
and the elements (05]). To show that S = V V* (g) V we show V (g) t^{A*) (S) V C S for 
<t < d. We show this by induction on t = d, d — 1, . . . , 0. Let t be given. By Proposition 
E2i 

V T*{A*) (g)V = Rt + S-pan{Ei ® t*{A*) Ei+t \0 <i <d-t}. 

By construction Rt Q R Q S. For < i < d — t we have Ei (8> tI{A*) ® Ei^t S hy Lemma 
110.11 and induction on t. By these comments P ® t*{A*) Q S and the result follows. 
□ 
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11 The proof of Theorem 12.41 

Using the results in earlier sections we can now easily prove Theorem 12.41 

Proof of Theorem 12.41 (i): By Definition 16.11 the image tt{'D (g) D* (g) P) is the span of 
E^W*VE^. Similarly the image tt{V ®E^®V) is the span of E^VE^VE^. We show 

tt{V®V* ®V) =7r{V^ E^®V). (46) 

Let C denote the subspace of "D <8> X>* ® "D spanned by the elements (j45p . By Theorem 9.3 
T> (8) V* (8> I? is the direct sum C + R. By the construction C is contained in V CS) Eq CS) T> . 
By Lemma 16.31 the space R is contained in the kernel of n. Therefore 

V(g)V* (g)V = V(E)EQ(g)V + Ker(7r). 

Applying tt to this equation we get ([^6]) and the result follows. 

(h): For X,Y eVwe show E^XE^, E^YE^ commute. By Theorem ESJn), 

X ^E^^Y -Y ^E^^X e R. 

In the above line we apply the map vr and use Lemma 16.31 to find 

EqXEqYEq = EqYEqXEq. 

By this and since Ef = El the elements E^XE^, E^YE^ commute. □ 
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